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Abstract 

Consider the Schrodinger operator with semiclassical parameter h, in the limit where 
h goes to zero. When the involved long-range potential is smooth, it is well known that 
the boundary values of the operator's resolvent at a positive energy A are bounded by 
0{h~^) if and only if the associated Hamilton flow is non-trapping at energy A. In 
the present paper, we extend this result to the case where the potential may possess 
Coulomb singularities. Since the Hamilton flow then is not complete in general, our 
analysis requires the use of an appropriate regularization. 
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1 Introduction. 

In tlie late eighties and the beginning of the nineties, many semiclassical results were obtained 
in stationary scattering theory. In this setting, the long time evolution of a system is studied via 
the resolvent, which appears in representation formulae for the main scattering objects. One 
can distinguish two complementary domains: on the one hand semiclassical results concerning 
scattering objects at non-trapping energies (when resonances are negligible), and on the other 
hand studies of resonances and of their influence on scattering objects. We refer to [GM2[ 
[RSI IKMWI IMa2[ [RT] and also to (R2] for an overview of the subject. These results often 
show a Bohr correspondence principle for the scattering states. 

Many studies treat (non-relativistic) molecular systems described by a (many body) Schrodin- 
ger operator. From a physical point of view, it is natural to let the potential admit Coulomb 
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singularities in that context. In the spectral analysis of the operator, these singularities do not 
produce difficulties in dimension > 3, thanks to Hardy's inequality (cf. ( 12. 9p ). 
In the semiclassical regime however, little is known when Coulomb singularities occur. We point 
out the propagation results in [GKI IKei IKn2] . In the above mentioned domains of stationary 
scattering theory, we do not know of any semiclassical result, except that of [ KMWi IW3| . 
We think that the main obstacle stems from the difficulty to develop a semiclassical version 
of Mourre's theory (cf. |GM1[ [Ml E^) in this situation. This task is performed in [KMW] 
when all singularities are repulsive, a situation where the associated classical Hamilton flow 
is complete. Recently semiclassical resolvent estimates (and further interesting results) were 
obtained by Wang in [W3] but in a non optimal framework (see comments below). When 
attractive singularities occur, the classical flow is not complete anymore, while it can be 
regularized (cf. p<l IPCel [l<n2]). 

The aim of this article is to contribute to the development of such a semiclassical analysis of 
molecular scattering. In pH 02], the author faced similar difficulties in the study of a matricial 
Schrodinger operator. He adapted in p3l |J4j an alternative approach, previously used in [B]. 
We here follow the same approach, combined with ideas from [CJl IGKl IKn2[ |W2J . in order to 
extend, in the case of potentials with arbitrary Coulomb singularities, a result established in 
|KMW|[RT| . 

We now introduce some notation and present the main results of this paper. 
1.1 The Schrodinger operators. 

Let c? G N := {0, 1,2,.. .} with d > 2. For x E W'-, we denote by \x\ the usual norm of x and 
we set (x) := (1 + We denote by A^. the Laplacian in W^. We consider a long-range 

potential V which is smooth except at N' Coulomb singularities (A^' G N*) located at the 
sites Sj where j G {1, 2, . . . , A^'}. Let 

M:=R'^\S , with S := {sf,! < j < N'} 

and Ro := max{\sj\ + 1; 1 < j < N'}. Technically, we take V G C°°(M;]R) such that 

3p>0; VaGN^ VxgMMxI >i?o, |(9^V(x)| = ©^((x)-""!"!) . (1.1) 

Furthermore, we assume that for all j G {1, 2, . . . , N'}, we can find smooth functions fj, Wj 

in Co°°(R"';M) such that fj{sj) ^ and, near sj, 

V{x) = ^'^^ + W,{x) . (1.2) 

\X Sj\ 

If fj{sj) < (resp. fj{sj) > 0), we say that sj is an attractive (resp. a repulsive) Coulomb 
singularity. Let > be the number of attractive singularities. We may assume that they 
are labelled by {1, 2, . . . , A^}. 

Given some e]0;1[, we introduce a semiclassical parameter h g]0;/i*]. The semiclassical 

Schrodinger operator is given by P{h) := —h'^A^ + V, acting in L^(]R'^). 

Under the previous assumptions, it is well known that P{h) is self-adjoint (see |CFK5[ [Ki lR52] ). 
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When (i > 3, this fact follows from Hardy's inequality (cf. (12.90 ) and from Kato's theorem on 
relative boundedness. The domain of P{h) then is the Sobolev space H^(]R'^), i.e. the domain 
of the Laplacian. When d = 2, self-adjointness follows when considering the quadratic form 
associated with P{h) and using Kato's theorem on relative boundedness for forms: the form 
is seen to be closable and bounded below, and the associated self-adjoint operator is P{h) 
[Chi IKn3] . The situation is rather different for c? = 1 (see Section 1.1 in [RS2 ]). which is the 
reason why we exclude this dimension here. 



1.2 The function spaces and main notation. 

For z belonging to the resolvent set p{P{h)) of P{h), we set R{z] h) := {P{h) — z)^^. We 
are interested in the size of the resolvent R{z; h) as a bounded operator from some space S 
into its dual S*, i.e. as an element of the space £(S;S*). We denote by || ■ ||s,s* the usual 
operator norm on £(S; S*). If S = L^(]R'^), we also use the notation || ■ || in place of || ■ ||s,s*- 
The relevant spaces S are introduced below. 

If a is a measurable subset of W\ we denote by || ■ \\a (resp. (■, ■)a) the usual norm (resp. 
the right linear scalar product) of L^(a) (and we skip the subscript a if a = W^). For s G M, 
we denote by the weighted L^-space of measurable functions / such that x ^ {xY f{x) 
belongs to L^(M'^). Its dual space is identified with L^^. For j E Z, we set 

Cj := {x e R'^] < \x\ < 2^} and c = {x E W^; \x\ < 1}. (1.3) 

Let B (resp. its homogeneous version B) be the space of functions / locally in L^(M'^) (resp. 
L2(M'^\ {0})) such that 

II/IIb := ll/llc + ES^'/'ll/lle. (resp. WfU := E 2^'^' 11/ He.) (1-4) 
j=i ^ jez ^ 

is finite. Its dual B* (resp. B*) is equipped with 

||/||b. := max(||/||,;sup2-^-/2||y||^J ^^^^ sup 2-^/1 / 1|, . (1.5) 

One can easily check that the embeddings C B C L^^2' ^ny s > 1/2, and B C B, are 
all continuous. Notice that, for S = L^, B, and B, 

V/gS*,V^7GS,/(7GL1 and | (/,(?) | < ||/||s- • ||^7||s ■ (1-6) 

For z G p{P{h)), R(z] h) can be viewed as a bounded operator from to L^^, for s > 0, 
and from B to B*, being a bounded operator on L^(M'^). When c/ > 3, one can show using 
Hardy's inequality (I2.9p that, for z G p{P{h)), R{z;h) can even be viewed as a bounded 
operator from B to B* (cf. [WZJ), a stronger result. 

Let / be a compact interval included in ]0; +oo[ and d > 3. By [FH] , we know that / contains 
no eigenvalue of P{h). By Mourre's commutator theory (cf. [ABGi [M] ). we also know that 
for fixed h, \\R{-; h)\\s,s* is bounded on {z eC;^z E I,^z ^ 0} whenever S = (s > 1/2) 
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or S = B. Adapting an argument by |WZ] . the above norm is even seen bounded when S = B. 
Summarizing, for s > 1/2 and any given h > 0, the following chain of inequalities holds true 

sup \\R{z;h)\\^ j^2_ < sup \\Riz; h)\\B,B- < sup \\R{z; h)\\^^^, < oo . (1.7) 

S^T^O SzT^O 32^0 



1.3 The Non-Trapping Condition. 

We now estimate the terms involved in (II. 7p as h ^ 0. When V = 0, \t is known that 

sup \\R{z;h)\\s,s* = 0{l/h), (1.8) 

whenever S = (s > 1/2), or S = B. Our aim is to characterize those potential V for which 
(irgj) holds true with S = B. 

If V G C°°(]R'',R) and satisfies ( HTl) . then a characterization of those V's such that ( HTSi) 
holds true is well known, at least in the case S = (s > 1/2) or S = B, as we now describe. 
Let r*R'^ 3 (x, ^ P{x, '■= I^P + ^i^) be the symbol of P{h). Since the potential V is 
bounded below, for all energies A on p^^(A) the speed |^| is bounded above. Thus the particle 
cannot escape to infinity in finite time and p defines a complete smooth Hamilton flow (0*)tgiR 
on T*M.^. The symbol p is said non-trapping at the energy A whenever 

V(x,0 ep-i(A), lim |0*(x,OI = +ooand lim |0*(x,OI = +oo . (1.9) 

c— >— oo I— >+oo 

In many cases it is easy to show trapping by topological criteria, see [KKl] . 
Let S = with s > 1/2, or S = B. Then (11.81) holds true if and only if any energy A G / is 
non-trapping for p (cf. [GMli [J3l IMa2[ [RTl IVZi IW2'j ). This statement has been extended to 
the homogeneous space S = B (rf > 3) by [CJ] , for l^'s of class only. 
First note that such a characterization is a Bohr correspondence principle: in the limit — > 0, 
a qualitative property of the classical flow (the non-trapping condition) is connected to a 
propagation property of the quantum evolution operator U{t; h) = exp^—ih^^tP^h)) . Indeed 
the propagation estimate (13.110 turns out to be equivalent to the above estimate (11.81) . 



Second, it is also useful to develop a semiclassical, stationary scattering theory (the case 
S = actually suffices). If the non-trapping condition is true, one expects to deduce from 
( Oi l bounds on several scattering objects (as is done when V G C°°(M"'), cf. [R2l [RT]). If 
trapping occurs, one expects that the resonant phenomena have a leading order influence on 
the scattering objects (cf. [GM2, R2]). 

Of course, these two motivations are still present if Coulomb singularities are allowed. 
When only repulsive Coulomb singularities occur, it was proved in |KMW] that the non-trapping 
condition implies that (II. 8p is true with S = (s > 1/2). If at least one attractive Coulomb 
singularity is present, the flow is not complete anymore and the previous non-trapping condition 
does not even make sense. However, it is known that one can "regularize the flow" (see |Kn2] 
and references therein), and it turns out the regularization is easier to deal with in dimension 
d = 2 and d = 3. 

In the present paper, we choose to focus on the case d = 3, which is the physically important 
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situation. Our study is devoted to generalizing the previous characterization, in a case where 
the potential admits arbitrary Coulomb singularities. Note that we do expect our results extend 
to the case d = 2. 

Let d = 3 and assume that S contains an attractive singularity. Let (x, ^) G T*M = 
T*(M^ \S). As we shall see in Subsection 12.21 there exists some at most countable subset 
coll(x,0 C M and a smooth function : ffi\coll(x,0 — >T*M such that (j){-;x,^) 

solves the Hamilton equations generated by the symbol p of P{h) with initial value (x, ^) (see 
( lZT5i) and ( lZl4l ) below). Furthermore, for all t e M \ coll(a;, 0, p(0(^;a;,O) =P{x,{)- The 
function replaces the usual flow. It is thus natural to say that p is non-trapping at energy 
A whenever 

^ix,^) e p~^{X) , lim \TTx(j){t;x,^)\ = +oo and lim \nx(j){t; x, ^)\ = +oo , (1-10) 

t — > — 00 t — 5- + 00 

where ^^.(pit^x,^) denotes the configuration or base component of 0(t;a;,,^) G T*M. 



1.4 Survey. 

In view of (11.71 ) and (ll.lOp . we can now state our main result. 

Theorem 1.1. Let V be a potential satisfying the assumptions ( IJ. Jj) and ( IJ.2|) . If there are 
no attractive singularities (A^ = 0), let d > 3 else let d = 3. Let Iq be an open interval 
included in ]0; +oo[. The following properties are equivalent. 

1. For all \ E Iq, p is non-trapping at energy X. 

2. For any compact interval I C Iq, there exists C > such that, for h g]0; /i^,], 

sup \\R{z;h)\\B,B* < Ch-\ (1.11) 

In [W3J, the point 2 of Theorem 11.11 is derived from a virial-like assumption, which is stronger 
than the non-trapping condition. It is assumed there that only one singularity occurs and that 
(11.21) holds true for a constant The statement "1 =^ 2" of Theorem 11.11 is proved in 
[KMW ] when = 0. Theorem 11.11 provides the converse. More importantly, it extends the 
result to the delicate case > 0. 

To complete the picture given by Theorem 11.11 we study in Section |5]the non-trapping condi- 
tion. In the case of a single Coulomb singularity, we show that it is always satisfied when the 
energy A is large enough, as in the case of a smooth potential (see Remark lSTSl) . The classically 



forbidden region in configuration space then is a point (for attracting Coulomb potential), or 
it is diffeomorphic to a ball (in the repelling case). Conversely Proposition 15.11 says that - 
irrespective of the number of singularities and the energy — only for the case of a single point 
or ball trapping does not need to occur. In particular. Corollary 15. 2l states that trapping always 
occurs for two or more singularities at large enough energies. 

We point out that our proof of Theorem [Ll] gives some additional insight about the case when 
the non-trapping condition fails at some energy A > (cf. Proposition 14.91) . In such a situa- 
tion, "semiclassical trapping" occurs, as described by (14.11 ) and (14.21) . Notice that a resonance 
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phenomenon (cf. [HSI ILMj ) is a particular case of the quasi-resonance phenomenon defined 
in [GS] , the latter being a particular case of our "semiclassical trapping" criterion. Propo- 
sitions |43] and |4]9] show that the "semiclassical trapping" is microlocalized near "trapped 
trajectories" (see (14.101) for a precise definition). It would be interesting to check whether a 
(quasi-)resonance phenomenon is related to our "semiclassical trapping" (cf. Remark l4~Bi) . A 
traditional study of the resonances "created" by a bounded trajectory (see [GSJ and references 
therein) would also be of interest. We do hope that the present paper may help to overcome 
the difficulties due to the singularities. 

While the proof of "2 =^ 1" in Theorem 11.11 follows the strategy developed by [W2] for 
smooth potentials, we use a rather different argument compared to [ RTI IGMll IKMW] when 
showing "1 =^ 2". In these papers, a semiclassical version of Mourre's commutator theory is 
used (cf. |ABG[ [M] ). and the Besov-like space B is replaced by the weaker (s > 1/2). An 
alternative approach is given in [B] for compactly supported perturbations of the Laplacian, 
using a contradiction argument due to G. Lebeau in [L]. This method was adapted in [J3] 
to include long-range, smooth perturbations, the study still being carried out in the space 
(s > 1/2). This technique was further developed in [CJ] to tackle the estimates in the optimal 
homogeneous space B, by combining and adapting an original estimate derived in |PV] . Note 
that both works [PV] and [CJ] only require resp. smoothness on the potential. Note 
also that the extension of Theorem 11.11 to the homogeneous estimate in B still is open. Now, 
the contradiction argument of [J3, CJ] is a key ingredient of the present study. Concerning 
the treatment of the singularities, we stress that our study uses many results from [GK], the 
propagation results being here crucial. The main features we need on the regularization of the 
classical flow are provided by [GKl IKn2] . Our main new contributions are given in Proposi- 
tion [32] and in Section |431 

Finally, we give some nonrelativistic, physical situations for which our result applies. In both 
examples below, we may add to the operator a smooth exterior potential satisfying (11.11) . 

Example 1.2. The behaviour of a particle with charge cq in the presence of fixed, pointlike 
ions, with nonzero charges 2:1, ... , z^', is governed by the operator (here d = 3) 

N' 

P,ih) := -h'A^ + j:T^^- (1.12) 

j=i F 

The hydrogen atom corresponds to N' = 1, zi > 0, and cq < 0. Clearly (QHP and ( IJ.2|) hold 
true. If charges have different sign, the model has attractive and repulsive singularities. 

Example 1.3. Consider a molecule with N' nuclei having positive charges zi, . . . , z^i , binding 
K > electrons with charge —1. We assume the nuclei are fixed (Born-Oppenheimer ideal- 
ization), and we neglect electron-electron repulsion. The behaviour of each electron is then 
governed by Pi{h) in I\1.1Z) . Let Hq > be fixed. Let ipk be the normalized wavefunction of 
Pi{ho) of electron number k. Let = \i'k\'^ be its charge density. Consider another, much 
heavier particle with charge cq. Its scattering by the molecule can be described by P{h) where 

V{x):=eAj2T^^,+jlWk{x)\, withWu{x)-.= - I -f^.dq. (1.13) 
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As we show in Section\di it turns out that the tpk s are "nice enough" to make Wk well defined, 
smooth away from the singularities si, . . . ,sn', snd to make Wk satisfy ( [J.Jj) . Though ( [J.2|) 
does not hold, we show the proof of our result applies in this case. 



2 Preliminaries. 



We shall often use well known facts concerning /i-pseudodifferential calculus, functional calcu- 
lus, and semiclassical measures in the sequel. For sake of completeness, we recall here the main 
results we need, referring to (USl El EO B Ei |LPl iMall El |R1J for further details. Since 
our Schrodinger operator has Coulomb singularities, it does not define a pseudodifferential 
operator yet. For this reason, we also explain here how we can use pseudodifferential calculus 
"away from the singularities": the required results are essentially contained in [GK]; notice 
however that we do not need the results in the appendix of [KMW], which are, by the way, 
not known if an attractive Coulomb singularity is present. Last, we also recall basic results on 
the regularization of the Hamilton flow when an attractive singularity is present, refering to 
[SKlKilKna] for details. 

2.1 Symbolic calculus with singularities. 

Let d G N*. For (r, m) G M^, we consider the vector space (space of symbols) 

^r;m := [a G C°°(r*M'^) ; V7 = (Tx, 7?) e N^'^ ,3C,>0; (2.1) 



sup id^a)ix,^) 



If r,m < 0, then S,.;^ is contained in the vector space of bounded symbols, which are smooth 
functions a : T*W^ — > C such that 

V7 G N^"' , > ; sup (9^a)(x,0 < . (2.2) 

For a larger class of symbols a, one can define the Weyl h-quantization of a, denoted by a)^. 
It acts on M G C^iW^) as follows (cf. [DEI fMaTl M fRI]). 



(<«) 



[x) = {2nh)-'' [ e'^<'-y^/'a({x + y)/2,Au{y)dyd^. (2.3) 



If a is a bounded symbol, then extends to a bounded operator on L^(R'^), uniformly with 
respect to h, by Calderon-Vaillancourt's theorem (cf. jPGl IMall IR1| ). We shall also use the 
following functional calculus of Helffer-Sjostrand, which can be found in [DGI IMal] . Given 
Q G one can construct an almost analytic extension tf^ G C'^{C) (with 'dQ'^{z) = 

0{'is{z)°°)). Let H he a self-adjoint operator in some Hilbert space. The bounded operator 
9{H), defined by the functional calculus of self-adjoint operators, can be written as 

— 1 r dO"^ 

e{H) = — H)-' dC,{z) . (2.4) 

TT JC dZ 
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where C2 denotes the Lebesgue mass on C. 

Let us now recall some well known facts about semiclassical measures, which can be found in 
[GlIGLlfKelfLPj . Let (m„)„ be a bounded sequence in L^(R°'). Up to extracting a subsequence, 
we may assume that it is pure, i.e. it has a unique semiclassical measure /i. By definition /i is 
a finite, nonnegative Radon measure on the cotangent space T*W^. Furthermore, there exists 
a sequence /i„ ^ such that, for any a E C^(T*R'^), 

lim (un,a^Un) = / a{x, ^) fi{dx d^) =: fi{a) . (2-5) 

One may relate the total mass of /i to the L^-norm of the m„'s (see [GL], or [Kel ILP| ). through 
the following 

Proposition 2.1 ( [GL| ). Let (m„)„ be a pure bounded sequence in L^(R'^) such that 

lim limsup / |M„(a;)|^(ix = 0, (2-6) 

l->+oo n^oo J\x\>R 



R- 



lim limsup / iJ-'Un (x)\'^ d^ = 0, (2-7) 

where Tun denotes the Fourier transform of Un- Then the sequence (||Mn|P)n converges to 
the total mass ii{T*R.'^) of its semiclassical measure /i. 



Proof: See the proof of Proposition 1.6 in [GL] . □ 

Besides, transformation of the semiclassical measure upon composition of the Un's with a 
diffeomorphism is described in the 

Proposition 2.2 ([GL]). Let $ : U — > V be a diffeomorphism between two open subsets 
ofW (p>l). Let $c : T*U — > T*V be the symplectomorphism 

{y,v) ^ i^'iyfr'v)- (2.8) 

Here <^'{y)^ denotes the transpose of ^'{y). Given a E C^{T*V), let b E C^{T*U) be 
defined by b = a o Then, for every compact subset K ofV, 



lim sup (a^-u)o$ - 6)^(mo$) 

||u||<l 

supp uGK 



. 



Let K be a compact subset ofV and {un)n 3 pure bounded sequence in L^(l^) such that, 
for all n, supp m„ C K. Denote by fi its semiclassical measure. Then the sequence [un o^)n is 
bounded in L'^{U), its semiclassical measure jl is given by |Det$'|^^$^^(yu), and /i(a) = fl{b). 

Proof: See the proof of Lemma 1.10 in [GL| . □ 

We now focus on the treatment of Coulomb singularities in dimension c? > 3, in combination 
with the /i-pseudodifferential framework. To begin with, let us recall Hardy's inequality. 

V/ e cs-ir) . I ^ s w^Jf = 1^1^. (2.9) 
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where the last bound is relevant in the present, semiclassical regime. 

We next discuss how one can use /i-pseudodifferential calculus "away from the singularities". 
Recall that M = W^\S. Let x G C;f>(R'^) with x = 1 near the set S of all singularities . 
Define the (truncated) /i-pseudodifferential operator 

P^{h) := -/i^A, + (1 - x)^ . (2.10) 

Its symbol 

3 (x,O^Pxi^^O = \^\'+{l-xix))Vix) (2.11) 
belongs to So;2 (cf. (12.11) ). The following lemma is essentially proved in [GKJ. 

Lemma 2.3. Let d>3. Let x ^ C^iR'^) with x = 1 near S and 9 e C^{M). Let P^{h) 
be given by ( fZT^) . Let T > 0, k, k' e R, r,m e R, and [-T; T] 3 t ^ a{t) G be a 
continuous function such that, for all t G [— T; T], a(t) = near supp x- 
Then, inC'{[-T-T];/:{Ll;Ll,)), 

{P{h)-P^{h)){a{.))l = 0{h'), (2.12) 
and, ifm<2, {e{P{h)) - e{P^{h))) (a(-))]^ = 0{h^) . (2.13) 

Proof: Let r, m, k, k' G M. For a G Sr-;m and / G iS(M°'), the Schwartz space on R^, 

{■f'[P{h)-P^{h))al{-ff = V{-h'^ + l)-'.{-h'^ + l)x{-fal{-ff. 

where ^(-/i^A + 1)-^ G ^(L^;!^) has norm Oil/K^) by (ESj). Now, if a is replaced by a 
continuous map t ^ a{t) with a{t) = near suppx for all t, then, for all N gN, 

{-h'A + l)x{-fa{*r,{.)' = 0{h'^) 

in C°{[-T;T];C{V;V)), by the usual /i-pseudodifferential calculus. This yields ( IZT^ . On 
the other hand it is known that, for all /c G M, the resolvents {P{h) + and (P^ih) 
are bounded from L| to Ll (see [RS4] . Sect. XIII.8), and, by (12.91) . there exists some a{k) > 
such that 

Besides, there is a xi G C°°(]R'^) with xXi = 0, Xi = 1 at infinity, and Xict(^) = ^^i^) foi' all t. 
Hence, for all N en, {1 - xi)a{*)J^{-)'' = 0{h^) in ^^([-T; T]; ^(L^; L^)) . We may now 
adapt the arguments in the proof of Lemma 3.1 in [GK] to get (I2.13p . □ 

2.2 Extension of the flow. 

Here we explain how the usual flow can be extended when attractive singularities occur (more 
details are given in [Ke, 'Kn2]). 

Let d = 3. We still denote by p the smooth function defined by 

p: P — >R , {x,i)^\i\^ + V{x) where P:=T*M. (2.14) 
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Let Tlx (resp. tt^) be the projection T*W^ — > defined by tXx{x,^) := x (resp. 7r^(x,^) := 
As for any smooth dynamical system, the hamiltonian initial value problem, 

^(t) = V^p (X(t); S(t)) .§{t) = -V.p (X(t); S(t)), 
(X(0);H(0)) = x* = (x,OgP (2.15) 
has a unique maximal solution cj) : D ^ P with 

b = {(t,x*) G M X P; t G ]r-(x*),r+(x*)[ }, 

where the functions : P ^ M satisfy < < T+ and are lower resp. upper semi- 
continuous with respect to the natural topology on the extended line M := {— oo}U]RU{+oo}. 
In particular, the set Z) C M x P is open. 

If no attractive singularity is present (i.e. = in the notation of Paragraph II. 1ft . then 
Z) = M X P. Otherwise a maximal solution can fall on an attractive singularity s at finite time 
T^(x*) > 0. Such a time is called a collision time. In that case, it turns out that, setting 



coll(x*) 



if T-(x*) = -oo, T+(x*) = oo 

{T+(x*)} if T-(x*) = -oo, T+(x*) < oo 

{T-(x*)} if T-(x*) > -oo, T+(x*) = oo 

{r+(x*)} + zfT+(x*) - r-(x*)') if r-(x*) > -oo, t+(x*) < oo 



and P) := {(t, x*) G M x P ; t ^ coll(x*) } 



the map can be uniquely extended to a smooth map D P, still denoted by 0. Even more, 
when T+(x*) < oo, backscattering occurs, that is, for < t < T+(x*) - T~(x*), we have 

7r,0(T+(x*)+t;x*) = 7r,.0(T+(x*) - t; x*), 

7r50(r+(x*)+t;x*) = -7r50(T+(x*)-t;x*), (2.16) 

and one may set TTx(j){T'^{x*)]x*) = s. We mention that the momentum 7r^0(-;x*) however 
blows up at T+(x*), in the following sense: 

I ,/ *M ... , 7r£0(i(:;x*) , 7r£0(t:x*) 
hm \n/:(p{t:x ) = oo , while v := lim — ; = — hm — ; exists . 

i^r+(x-)' ^ VT+(x*) |7r£0(t;x*)| t\T+(^*) \TT^(j){t;x*)\ 

For any x* G P, we obtain in this way a configuration trajectory (TCx(l){t;x*))t(zR, which has a 
countable set coll(x*) of collision times to for which 

lim7r^0(t;x*) G < j < A^} and lim |7r.0(t; x*)| = oo . (2.17) 

Although is not a complete flow on P, the broken trajectory (0(t; x*))(g]R\coii(x*) is a solution 
of (12.15ft on M \ coll(x*). Its values lie in the energy shell p^^{p{x*)). Note that no collision 
with the repulsive singularities can occur. 
For t G M, it is convenient to introduce 0* : Pj ^ P defined by 

Dt := [x*eP;t^ coll(x*) } and 0*(x*) := 0(t;x*). (2.18) 
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Note further that the Hamiltonian system {P,ujq,p) with canonical symplectic form ujq can 
be uniquely extended to a smooth Hamiltonian system with a complete flow (see Section |5]). 
An important feature to analyse the pseudo-flow is the Kustaanheimo-Stiefel transformation 
(KS-transform for short). We briefly describe it here and refer to [GKi IKel IKn2l I55| . for 
further details. For z = [zq, zi, Z2, z-^Y ^ II^"^. let 



A(^) 




Let /C : 

lC{z) : = 



be defined by 



A(^) 



2ZQ21— 2Z2 23 
22022+22123 



For all 2 G M'* it satisfies \}C{z) 



(2.19) 



We call it the Hopf map. See the Appendix for more information. 

Let R| := {{xi, X2; X3) e M^; ±xi > 0} and z G M^. It turns out (see [SE]) that, if 

X := }C{z) e Rl, A+{z) ■= x/2(xi + \z\^)~^/^{zi + iz^) E and, if x := /C(z) G Mi, 
A-{z) := -\/2(— xi + |zp)~^/^(z2 + iz^) € S^. Furthermore, one can explicitly construct 



smooth maps J'± : 



such that, locally. 



(/C,^±) o J± = Id in Ml X 5^ and J±o{IC,A±) = Id in J±{Rl x 5^) . (2.20) 
For z = J±{x]6), for x G and 6 G S*^, we have dz = C\x\~^dx dO for some constant 



C > 0. In particular, there exists C > such that, for all f,g -.R^ — > C measurable. 



\x\ 



\fix)gix)\dx = C [ \folC{z)golC{z)\dz. 



(2.21) 



It is useful to consider the following extension to phase space. For z* = (z; C) ^ T*M'^, 
we set as usual vr^z* = z and vr^z* = C- If (a;; ^ T*(M3 \ {0}), let z G M'' such that 
X = fC{z) = A(z) ■ z {z '\s not unique). Then, we define 



C := 2A{zf^ = 2 



/ Zo Zi Z2 \ 

—Zi Zq 

—Z2 — ^3 Zq 

\ Z3 -Z2 Zi I 




which is a solution of the equation 2|x|^ = A(z)^. The KS-transform is defined by 

1 



/C* : T* 



\m 



\ {0}) , /C*(z; = ( A(^) ■ z ; ^A(^) ■ C ) . (2.23) 



(2.22) 



Assume that an attractive singularity sits at 0. Recall that, by (II. 2p . V{x) = f{x)/\x\ + W{x) 
on n\ {0} , where Vl := {x e R^; \x\ < r} for some r > 0, with f,W e C^{R'^;R). Let 
f2 := /C~^(f2). Let Xq = {xo;^o) G P be such that the first collision of (7ra;0(t; Xq))^^^ takes 
place at at time t+(xQ) > 0. Let Tq be the connected component of |t G R; 'n'x4>{t; Xq) G i^j 
containing t+(xo). Let zq G M"^ be such that xq = /C(2o) and let Co be the C given by 
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(IZ^ with = {zQ-io). For t* = (t; r) G T*M, z* = (2; C) G T*M^ let p(t*;z*) := 

ICP + / o ]C{z) + o /C(z) - r). Since p is smooth on T*M x T^M^ = T*(Mf x 

R^), independent of t, and since its Hamilton vector field at point (t, r; 2;, ^) is given by 
(— l^p, 0; 2(^5 2rz) outside a compact region in {zX), there exists a unique maximal solution 
M 3 s {t{s)] t{s); z{s); C{s)^ = (t*(s); z*(s)) to the Hamilton equations associated with p 

( {dz/ds){s) = Vcp(t*(s);z*(s)) {dC/ds){s) = -V,p(t*(s);z*(s)) \ 

1^ {dt/ds){s) = VrP{t*{sy,z*{s)) {dT/ds){s) = ~V tP {t* (s) ; z* (s)) ) ' 

(2.24) 

with initial condition (t*(0); z*(0)) = (t^;z^). We denote it by 

0(s;tt;zt) := (t*(s; tj; z^); z*(s; tj; z^)) = t^; z^); r(s; t^; z^); t^; z^); C(s; t^; zj)) . 

Let (to;Zo) = (0;p(xo); 2:0; Co)- 't turns out that, for all ti E %, there exists a unique s G M 
such that ti = t{s; tp; Zq). Furthermore, if ti 7^ t+(xo), z{s] t^; Zq) 7^ and 

0(ti;x*) = 0(t(s;t*;z*);x*) = /C*(z*(s; t*; z*)) . (2.25) 

3 Towards the non-trapping condition. 

The aim of this section is to prove the implication "2 ^> 1" of Theorem 11.11 We thus assume 
that 2 holds true and we want to show that p is non-trapping at energy A, for all A G Iq. Let 
Ao be such an energy. We can find a compact interval I d Iq such that Aq belongs to the 
interior of /. By assumption, (11.111 ) holds true for /. This implies, by (II. 7p . that (11.81 ) holds 
true for S = L^, for any s > 1/2. As in [J4], we follow the strategy in [W2]. We translate the 
bound on the resolvent into a bound on a time integral of the associated propagator 

U{t]h) := exp{-ih-HP{h)) . (3.1) 

If an attractive singularity is present (and d = 3), we need some information on the time- 
dependent microlocalization of U{t;h)uh, for some family {uh)h of L^(]R^) functions. Most 
of it is already available in [GK] . We also need some well-known facts on the classical flow, 
which we borrow from [Kn2] . In Subsection 13. 1[ we shall recall results from [GKl IKn2] and 
extend them a little bit. Then we proceed with the announced proof in Subsection 13.21 In 
the repulsive case {N = and d > 3), we show in Subsection 13.31 that Wang's proof may be 
carried over with minor changes. 

3.1 Coherent states evolution. 

In this subsection we are interested in the case where an attractive singularity occurs (i.e. 

> 0) but the results hold true for = 0. Better results in the latter case are given in 
Subsection 13.31 Proposition 13.61 is the main result of the subsection. 

Before considering the time evolution of coherent states, we recall some basic facts on the 
classical dynamics, in particular on the dilation function 

ao : T*M^ — , ao{x,0 := x ■ ^ ■ 
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Lemma 3.1. Consider a dimension d > 2 and energies A > 0. 

1. Then for some Ri = -Ri(A) > Rq and all Xg := (xq, ^o) £ P~H]^/2; oo[) 

|xo| >Ri ^ {p,ao}K) > A/2 , and (3.2) 
liminf |7r^0(t; Xq)| > i?i =^ lim \TTx4>it;xQ)\ = +oo . (3-3) 

2. For any T, R> 0, there is some R2 > Ri such that, for all = (xq, ^0) G P~H]A/2; 2A[) 

(|xo|>i?2) =^ {\7T,(l){t;x;)\> Rforallte[-T;T]) . (3.4) 
Proof: We shortly recall the standard arguments. Thanks to the decay properties (11.11 ) of V, 

{p,ao}(x*) = 2[p{x*) - V{xo)) - (xo, VF(xo)) > A/2 

for large |xo|, implying (13. 2p . As the dilation function oq is the time derivative of the phase 
space function |xp/2, composed with 0, the second time derivative of the latter function is 
eventually bounded below by A/2 > 0, if the l.h.s. of (13.30 is satisfied. Thus t h-^ \TTx(p{t; Xq)P 
goes to infinity, showing (13. 3p . Let Vq = mi\x\>Rf,V{x). Relation (13. 4p follows, since the 
speed is bounded by |^o| < (4A - 2Voy/'^ < 00. □ 

For h e]0;h^] the dilation operator Eh on given by Eh{f){x) := R-'^/'^ f{h-^/^x), is 

unitary, as are the Weyl operators 

w{xl- h) := ex-^[ih-^'\x^ ■ x - ^0 ■ D,)) for x* := (^o.^o) G T*R^ 

(cf. [H], P- 151, [Eq]). The coherent states operators, microlocalized at Xq, are 

c(x*q; h) := Ft ■ w(x*q; h) (3.5) 

A direct computation gives that 

c{xl-hyalc{xl-h) = (a{x, + h'/^^-io + h-'l^^)yi, 
where denotes the symbol (x;^) ^ 6(x;^). It is known (cf. |W1] ) that 

Va G So,o , V/ G S^W") , c(x*; /i)*a^c(x*; h)f = a(x*)/ + 0{h) , (3.6) 
where 5(M"') denotes the Schwartz space on W^. Let Uh be the function given by 

:= c(x*; h) 71""/' exp(-| ■ IV2) . (3.7) 

Then {uh)h is a family of L^(M"')-normalized coherent states microlocalized at Xq. We collect 

properties of the family {U{-; h)uh)h of the propagated states. 

In the remainder part of Subsection 13.11 we consider initial conditions in phase space 

Xq := (xo,^o) e P with energy A := p{xl) > 

and the associated coherent states {uh)h microlocalized at Xq. 

In [GK] the following energy localization of {uh)h is obtained. We give a short proof using 
Lemma 12.31 
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Lemma 3.2 ([SE])- Let d > 3 and 9 e C^{^) such that 9 = 1 near X. Then, in L^{R'^), 
il-9{P{h)))uh = 0{h). 

Proof: Let x,x e C^(M°') with x, X = 1 near S, x,X = ^ near xq = tt^x*^, and XX = X- 
From (O). we see that xuh = 0{h) in V(E.'^). By Lemma O 



l~9iP{h)))uH = [l-9iPih))){l-x)uH + 0ih) = [l-9{P^{h))){l-x)uH + 0ih), 

in L2(M'^), where Px(/i) is as in ( IZTUI l. Besides, thanks to (JTSl) and using ( IZTIH . 

(l - 0(P(/i)))m, = (l - ^(Px(^)))«/^ + = (l - 0(Px(xS)))m, + 0{h) 

= + 0(/;,) . □ 

From [GK] we pick the following localization away from singularities 

Lemma 3.3 ([GKJ). Let d = 3. Let K be a compact subset of R such that K n coll(xo) = 
(cf. 112.17]) ). If a E C^(R^) has small enough a support near the set S of singularities, then 

K 3t^ aU{t; h)uh is of order 0{h) in C^(K] 



Proof: Seethe proof of Theorem 1, p. 25 in [GKJ. □ 

A careful inspection of the result in |GK] on the frequency set shows that even after a collision, 
we have the following localization along our broken trajectories: 

Lemma 3.4. Let d = 3. Let K be a compact subset of R such that K fl coll(xg) = 
(cf l{2.17\) ). Let e > and K 3 t ^ a(t; *) E C^{P) be continuous functions such that 

a{t;x,0 =0 if\x-iT^(f){t;x*)\ < e. Then {a{-, *))f^U{-, h)uh = 0{h) in C°(^K; L\R^)). 

Proof: See the proof of Theorem 1, p. 25 in [GKJ. □ 

We also need to complete Lemma \JA\ with a bound on (U{-]h)uh)h near infinity in position 
space and, since the singularities are far away, we can assume d>3. This is the purpose of 
the following 

Lemma 3.5. Let d > 3. Let T > and R := max(i?o; 1 + |a;o|}- Let R2 > Ri large enough 
such that holds true. Let R^> R2 + I and k E C°°(]R'^; R) such that supp k C {y E 
R'^; \y\ > R2 + I} and K = 1 on {y E R'^; \y\ > R3}. Then 



KU{-,h)uh = 0{h) in C^{[-T;T];V 



Proof: The proof is based on an Egorov type estimate which is valid although P{h) is not a 
pseudodifferential operator. 

• Let r G C^(M'^) such that t = 1 on {y E R'^; \y\ < Rq} and r = near the set 

U (p"'(]A/2;2A[)n0*({(a;,O; \x\ > R2})) ■ 

te[~T;T] 

This is well-defined by (12.180 . (13.40 . and the choice of R. Let Pr be defined as in (12. lip . Let 
9 E C^{R) with supp 9 c]A/2; 2A[ such that 9 = 1 near A. Set 

a:T*R'^ — , a{x,0 = 9{pr{x,0)- (3.8) 



Coulomb singularities, 30-11-2007 



16 



Thanks to (13.41) . [— T; T] 9 t i-^ a o 0* is a So;o-valued, C^-function. Therefore, by Calderon- 
Vaillancourt (a o 0*)]^ is /i-uniformly bounded, and for t G [— T;T], strongly in H^(]R'^), 



* d 
ds 



U{s;hy(ao(t)'-'y^U{s-h)\ds (3.9) 



U{s;hY {j[P{h),[ao(P'-'y2 + ((c//c/s)a o 0*"'^)^^ U{s;h)ds. 

The support properties of a and the choice of r ensure that, for all r G [— T; T], {d/ dr)ao(j/ = 
{p, a o 0^'} = {p^, a o 0'"}. Thus, ( 13. 9 p equals 

By Lemma O (ESI) equals 

U{s-hy Q[^r(/i),(ao0*-j^] - (K,ao0*-^})J^) U{s-h)ds + 

where [-T; T] 3 t ^ Bh{t) e C{L'^(R'^)) is bounded, uniformly with respect to h. By the 
usual pseudodifferential calculus. 



[-T;T]3r ^ - 



P.(/i),(ao0-)^] - (K,ao0'-})%/:(L2(R'^)) 
is 0{h) in C0([-T;T];/:(L2(R^))). Thus, so is ( 1T^ . 



• Since a o 0* vanishes near xq, forte [-T;T], t ^ {ao(j)')^Uh is 0{h) in Co([-T;T];L 
by ( 13.61) . Thus so is U{-; h) {a o tp^y^Uh- 

• Using the previous points, the Lemmata 13.21 and 12.31 the fact that 0{P{h)) and U{t,h) 
commute, and the usual pseudodifferential calculus, 

KU{t;h)uh = KU{t;h)e{P{h))uh + 0{h) = Ke{P{h))U{t;h)uh + 0{h) 

= Kd{Pr{h))U{t-h)Uh + 0{h) = {Kd{p^))lU{t-h)Uh + 0{h) 

= U{t-h) [Ke{pr)o(t)'y^Uh + 0{h) = 0{h) . □ (3.10) 



From these lemmata, we can deduce the following information on the time evolution of the 
coherent states Uh. 

Proposition 3.6. Let > and d = 3. Let K be a compact subset of M such that 
K n coll(x;5) = (cf. ^Tl7\) ). Let r G ^^(M^) with t = 1 near 0. For t e R and x G 
set Tt(x) := t(x — 7ra;0(t; Xq)). Take the support of r small enough such that, for all t e K, 
supp {ti) n 5 = 0. Then, for any a G So;0 ^nd any t E K, 

al U{t; h)uh = Ml U{t; h)uh + e{t) , 

where K 3t^ e{t) is 0{h) in C^{K; L2(M'^)). 
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Proof: Let T > such that K C [-T;T]. Let kq, ki G C°°(M^R) such that kq + ki = I 
and K := ki satisfies the assumptions of Lemma 13.51 Then, by Lemma 13.51 

alU{t-h)uh = alKQU{t-h)uh + 0{h) , 

in C^{K) := C°{K;V{R'^)). Now let ctq G Co^(M3;M) such that ctq = 1 near sj for any 
1 < j < N', and, for all t E K, supp o"o fl supp = 0. Upon possibly decreasing the support 
of (To, we may apply Lemma This yields 

a'f:Uit;h)uh = aln^{l-a^)U{t-h)uh + 0{h), 

in C^{K). Let a G C^(M'^; M) such that cr = 1 near each singularity Sj and ctcto = o"- For an 
energy cutoff 6 as in Lemma 13.21 we obtain, as in the proof of Lemma 13.51 (see (13.101) ). 

al Ko (1 - ao) U{t; h)uh = (1 - do) e{P^{h)) U{t; h)uh + 0{h) , 

in C'^(K), since 1 — ctq is localized away from the singularities. By pseudodifferential calculus, 

a;^f/(t;/iK = hlU{t-h)uh + 0(/i) , 
in C^{K), where 6 := ^(p^) (l-ao)/toa G Co°°(P). Applying Lemma [Uto a{t) = (l-rt)6, 

a}:^f/(t;/iK = {rtby^U{t;h)u,, + 0{h) = ((1 - ao) r^a) V(t; /^K + 0(/i) , 
in C°(i^). Since Tt (1 — (Tq) kq = n, for all t E K, vje obtain the desired result. □ 

3.2 Necessity of the non-trapping condition. 

Assuming > and (i = 3, we want to show that (II. lift implies the non-trapping condition, 
yielding the proof of "2 =^ 1". The proof below actually works if = 0, but a more 
straightforward and easier proof is provided in Subsection 13.31 

In view of (11.71) . we assume (11.81) for S = with s > 1/2. This means that, for any 
e G C^(/o;M), {■)-'e{P{h)) is Kato smooth with respect to P{h) (by Theorem XIII.30 in 
[RS4] ). This can be formulated in the following way (cf. Theorem XIII.25 in [RS4] ). There 
exists Cs> such that for any 9 G C^{Io; M), 

\/ueL\R'^), f \\{-)-'U{t;h)e{P{h))ufdt < Cs-\\uf. (3.11) 

uniformly in h g]0; /i*]. Take A G Jq and a function 9 G C^(/o;M) such that 9 = 1 near A. 
Let Xq := (xo,^o) G p^^{\) and consider the coherent states Uh given by (13.71) . Let (tj)jgj, 
with J C N*, be the set of collision times of the broken trajectory (0(t; Xq))^^^ (cf. (12.171) ). 
Eq. (ETn]) implies that, for all T > and all h g]0; K], 

I \\{-)-'U{t-h)9{P{h))uH\\''dt < Cs. 

J[-T;T] 
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We know from Subsection I2.2l that the collision times in coII(xq) have positive minimal distance 
T+(xq) — T^(xq). Thus we can choose e > smaller than one fourth of that distance, and 
define for T > the compact sets 

K{T) := {t G [-T,T]; dist(t,coll(x*)) > e} . 

Notice that the length of K(T) goes to infinity when T — » oo, while 

'u{t-h)e{p{h))uH\\^dt < Cs. 



IK{T) 

By energy localization of the coherent state (Lemma [22]) and Pythagoras' theorem, 



/ \\{-)-'U{t-h)uhfdt + OT{h) < 2Cs, (3.12) 

JK(T) 

where Oxih) is a T-dependent 0{h). We apply Proposition 13.61 for the bounded symbol 
(x, ^) I— a{x^^) = (x)"^* and the compact K(T) introduced above. This yields 

{U{t; h)uh , rt{-)-^'U{t- h)uh) dt + Orih) < 2C, . 

K{T) \ ' 

We can require that the support of the function r is so small that, for all t E K(T), supp (rt) fl 
5 = and Tt{-)-^' > (l/2)rt(7r^0(t;x*))~2^ Therefore, 

(7r,0(t; x*))-2^ (U{t; h)uh , nU{t; h)uh) dt + Or(/i) < 4C, . 

K{T) ^ ' 

Now, we apply Proposition 13.61 again for the bounded symbol {x,^) ^ a(x,^) = 1, yielding 

/^^^^ M{t;^*o)r^'dt + Orih) < AC, , (3.13) 
since the are normalized. Letting h tend to 0, we obtain, for all T > 0, 

J^^^^M{t;0)~'''dt < ACs. (3.14) 

Assume semi-boundedness of the trajectory, that is, for some to £ 

{7r,.0(t; X*) , ±t > to} C {ye \y\ < Ri} , (3.15) 
then, by ( I3.14p . AC, is larger than R^'^'' times the length of 

K{T) \{teR;±t< to} = [-T; T] \ |t G M; ±t < to and dist(t, coll(x*)) < e| . 



This is a contradiction since the latter tends to oo as T ^ oo. Thus ( 13.150 is false and we 
can apply (13.30 . yielding the non-trapping condition ( ll.lOp . 
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3.3 The repulsive case. 

Here we consider the case where any singularity is repulsive (i.e. = 0) and (i > 3. We want 
to show that (11.111) implies the non-trapping condition. Thanks to Proposition 13.71 below, we 
show that Wang's proof can be followed in the present case, yielding a much simpler proof 
than the one in Subsection 13.21 

First of all, we show that an important ingredient in Wang's proof is available, namely the 
following weak version of Egorov's theorem. 

Proposition 3.7. Let N = Q and d>3. LetT > and a e So;o. Let ^,76 C^O^) such 
that 'jO = 9. Then [—T; T] 9 t t— > 7(p)(a o 0*) is a TjQ-Q-valued, -function. Furthermore, 
there exists C > 0, depending on 9 and a, such that, for any e > 0, for any t E [— T; T], 

U{t;hra-U{t;h)9{P{h)) = ({^{p){a o <p^))- + r{t))9{P{h)) , 



where [-T; T] 3 t ^ r{t) is bounded by Ce + O.^rih) in C°([-T; T]; C{V {R'^)) ^ 

Proof: Let e > 0. Since the singularities are repulsive, there exists some ctq G C^(W^, [0, 1]) 
which equals 1 near each singularity, such that, e'^V > 1 on the support of (Tq and {cro07Cx){l ° 
p) = 0. Thus, for g G V{R'^) and / = 9{P{h))U{t; h)g, 

IWoff < (/, cToVr/) + e'iaof, -h'Aaof) 

< e'{a'j,P{h)f) + e'{aof,[-h'A,ao]f) < C,V||/f + e^K/ , [-/i^A, ao]/) , 
where Ce depends only on 9. Since [-h^A,ao]9{P{h)) = 0,{h) in C{l?{W^)), 

\\a,9{P{h))U{t-h)\\ < Cee + 0,{h) (3.16) 

in C^(\^-T]T]]C{V{W^))). Let a G C^{W^) with a = 1 near each singularity such that 
ctctq = a. Using (13.160 . Lemma [231 and pseudodifferential calculus, 

U{t;hyaj:U{t-h)9iP{h)) = U{t; h)* (a{l - ao))lj{P.{h)) U{t; h)9iP{h)) + n{t) 



U{t;hy(ail-aohip))^ U{t-h)9{P{h)) + r^{t) 



where the are bounded by Ct + 0,{h) in C^{\^-T]T]] C{h'^{W^))y By the choice of ctq, 
a(l — cro)7(p) = a'^{p) =■ a-y- Furthermore, for all t G [—T;T], o 0* = 7(p)(a o 0*) and 
{d/dt)ajO(j/ = {p, a^o0*} = {p^, a^o0*}. This allows us to follow the arguments in the proof 
of Lemma EE] showing that (ESI) with a = is 0,,T{h) in C°([~T;T]; OL'^iM.'^))'). □ 

Let A G Jq. As in Subsection 13.21 ( II. IIP implies the existence of some constant > such 
that (13. lip holds true, for 9 G C^(/o;M) with 9{\) = 1. Since no collision occurs, we choose 

K{T) = [-T;T], take a : (x,0 ^ {x)-^', and write (Km as 

/ (Uit;h)uh,a'f:uit;h)uh)dt + Orih) < 2Cs. (3.17) 
By Lemma 13.21 Proposition 13.71 with e = Cs, and (13. 6p . 

{U{t;h)uh,a';:U{t;h)uH) = {uh , {l{p){a o + h{t) = (7r,.0(t; x*))-^^ + 62(t) 

where the bj are bounded by CCs + 0{h) in C%[-T,T]). This yields ( ITl^ . with bound 4C, 
replaced by (2 + C)Cs, and the non-trapping condition as in Subsection 13.21 
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4 Semiclassical trapping. 

This section is devoted to the proof of the implication "1 ^> 2" of Theorem II. 1[ We assume 
the non-trapping condition true on Iq and we want to prove the bound (11.111) . for any compact 
interval / C Jq. Here we follow the strategy in [B', 'J3]. We assume that the bound (II. lip 
is false, for some /. This means precisely that the following situation occurs, which we call 
"semiclassical trapping". There exist a sequence (/n)n of nonzero functions of H^(M'^), a 
sequence (/?-„)„ g]0; /iq]^ tending to zero, and a sequence {zn)n G with 'R{zn) ^ X E I 
and Q(zn)/hn ^ r > 0, such that 



\\fn\ 



B* 



and 



(P(/l„) - Zn)f„ 



(4.1) 



As in [CJ] . we shall see that "the {fn)n has no B*-mass at infinity" (see Proposition 14.21 below) . 
This yields the existence of some large R[ > 0, of a sequence ((?„)„ of nonzero functions of 

H^(]R'^), of a sequence {hn)n E]0;ho]^ tending to zero, and of a sequence (A„)„ G with 
A„ ^ A G /, such that 



supp gn C {x e M^; |x| < R[} 



\9n\ 



and 



(P(/i„) - A„)(?„ = o(/i„). (4.2) 



Possibly after extraction of a subsequence, we may assume that the sequence has a 

unique semi-classical measure fi, satisfying (12. 5 D with n„ replaced by gn (see Lemma 1431 ). 
Now, we look for a contradiction with the non-trapping condition. While, in the regular case, 
it is quite easy to show the invariance of /i under the flow generated by p, this is not clear in 
the present situation. We shall show the invariance for repulsive singularities in Subsection 14.21 
In Subsection 14.31 however, we only show a weaker form of invariance, if there is an attractive 
singularity. This Subsection 14.31 contains the main novelty of the paper. 
The other steps of the strategy are essentially the same as in p3], as explained in Subsec- 
tion 14.11 If the reader is only interested in the bound (II. lift with B replaced by some 
(s > 1/2), we propose a simpler proof in Subsection 14.41 



4.1 Main lines of the proof. 

In this subsection, we give the main steps leading to the contradiction between the "semi- 
classical trapping" and the non-trapping condition. Here we focus on the steps which are 
essentially proved as in p3] . 

Lemma 4.1. The sequence (^\\fn\\'^^{zn)/hn^ goes to and \im ^{zn)/hn = 0. 

Proof: We write \\fnfQ{zn) = ^ {fn , {PiK) - Zn)fn), which is o{hn) by (HSl) and (HI]). 
This gives the first result. Now, assume that r > 0. Since ||/„|P(Q'(-2n)/^n) goes to 0, ||/„|| 
must go to 0, while ||/„|| > ||/n||B* = 1- This is a contradiction. □ 

Using (11.11) . we can show as in [CJ] the following localization in position space 
Proposition 4.2. There exists R'q > Rq such that lim„^oo P{| |>fl;,}/n||B* = 0. 
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Proof: Let a G So;o- It is known that (a^)/i6]0;/i.] is uniformly bounded in £(L^;L^) for any 
s G M. Even more, using a partition of unity adapted to the decomposition M*^ = cU (Uj>i Cj) 
from (11.31) . say 1 = r(x) + I]j>iTj(x), and writing, for any u G B* , the identity u = 
T u-\-J2j>iTj u, Standard pseudodifferential calculus and almost orthogonality properties allow 
to easily establish that (a^) he]0;h,] is uniformly bounded in C{B*; B*) (see [CJ] for a complete 
proof). Now, let := {fn,ih~^[P{hn), aj^jfn) ■ Expanding the commutator, using (11.61) . 
(14.11) and Lemma 14.11 we observe that 0. For any s > 1/2, (/„)„ is bounded in L^^, 

since C B. Now, we assume that a vanishes near the set S of all singularities. We can 
find X ^ C^(M"';M) such that ax = and x = 1 near the singularities. By Lemma 1231 with 
k = k' = —s, 

Let e G Co°°(M;M) with 6 = 1 near / and 6 ■=1-6. Since ^„ ^ A G /, (||^(P(/i„))(P(/i„) - 
2;n)^^||)n is uniformly bounded. Thus there exists C > such that 



\\hP{K))fn\\B* < max(||0>(/i„))/„||,; sup2-^/l0>(/i„))/, 

^ i>i 

< C\\{P{hr,)-Zn)fn\\=0{K), 



(4.3) 

since (14.1 ft implies that \\{P{hn) — Zn)fn\\ = o{hn). Using further that, for s g]1/2;1], 
{■)^ih~^[P^{hn),a'^J is uniformly bounded, 

an = {fn,th-'[P^ihn),aZnP{hn))fn) + 0{hn). 

Since ih:ir^^[P^{hn),aJlJ is a /i-pseudodifferential operator, we may apply Lemma 12731 with 
k = k' = —s, yielding 

an = {fn,thn'[P^ihn),aZ]OiPAhn))fn) + Oihn). 

Using similar arguments again, we arrive at 

an = {9{P^ihn))fn,th-'[Pxihn),a^Je{P^{hn))fn) + 0{hn) • (4.4) 



Now we specify the symbol a more carefully. By |CJ] (see Proposition 8 and the second step of 
the proof of Proposition 7 therein), we can find c > and a function xi ^ C^{M.'^) such that, 
for all P = (Pj) G with = 1, there exists a symbol a G So;0 satisfying the following 
properties. The function xi = 1 on a large enough neighbourhood of and of the support of 
X- The semi-norms of a in So;o are bounded independently of P and, uniformly with respect 
to p, 



a. 



. > c- 
By the above arguments, 



Y^P,2-^ (l-Xi)^(Px(M)/. 



+ o{l) . 



0, uniformly in p. This implies that 



sup 2-^- (l-Xi)^(^x(U)/> 
j 



{i-xi)e{P^{hn))h 



and therefore sup 2 ■'/^ 

3 

<■ 0. Since B C L^y2-e continuously, 

(i-xi)(^(Px(M) - WM))/. 



tend to 0. In other words, ||(1 — Xi)9{Px{^n))fn\\B 
for any e > 0, we derive from Lemma I2.3l that 
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yielding ||(1 — Xi)fn\\B* 0, thanks to (14. 3p . Now the desired result follows for i?g large 
enough such that \x\ > R'^ =^ Xii"^) = 0- D 

Lemma 4.3. Let R[ > R'q. There exist a sequence {gn)n of nonzero functions ofYi^iW^), 
bounded in L^(R'') and having a unique semiclassical measure fi, a sequence {hn)n £]0; /i*]^ 
tending to zero, and a sequence (A„)n G with Xn \ E I, such that ( 14.21) holds true. 

Proof: Let t,k e C^iR'^; M) be such that supp r, supp k C {x E R'^; \x\ < R[}, k = 1 on 
{x e W^; \x\ < Rq}, and tk = k. The sequence (r/„)„ is bounded in 1^(1^^^). Possibly after 
extraction of a subsequence, we may assume that it has a unique semiclassical measure /i. We 
shall show that 

supp fiC{{x,^)e T*R'^; \x\ < R'^} , (4.5) 
snppi2r\T*{M.'^\S) C p-\X) . (4.6) 

By Proposition 14.21 ||]l{|.|>i?'}T/„|| goes to 0. Using (12.51) . this implies (14.50 . Now let a G 

C^{T*m'^) be such that a = near p-^{X)US. Since (||(-)"V„||)„ is bounded by ( TO . 

{rfn^aZrfn) = (r/„ , (ra)^J„) + 0(M 

= {rfn, {Ta)Ze{P{hn))fn) + 0{h^) 

+ {rfn , (ra);^„^>(/i„))(P(/i„) - Zr^' {P{K) - ^n)/n) , (4.7) 

where 9 G C^(M;M) with 9 = 1 near A, such that 9{p)a = 0, and 9 = 1 - 9. By (lOl . 
\\iPihn)-Zn)fn\\ = o^k^) and the last term in (EZD is a o(/i„). We can find x e Co"^(M"';M) 
such that ax = and x = 1 "^^r the singularities. By Lemma we recover 

{rfn,a^^TU) = {TUArci)rj{Px{K))fn) + 0{h^) = 0{h^) 

since a9{p^) = 0. By (ESI), this yields ( TO . 

The symbol of [— /i^A, k] belongs to S_oo,i and is supported in {{x,$,) G T*W^;Rq < \x\ < 
R[}. Let f G C(f'(]R^) such that f = 1 on supp Vk and suppf C {x E M.'^; % < \x\ < R[}. 
Then [-hlA,K]f,, 

= [-hlA,^]fU = [-hlA,K]{P^{h^) + z)-'{P^{h^)+z)fU 

= [-hlA, k] {P^{hn) + l)-^ [-hlA, + [-/l^ A, k] {P^{h^) + f {P{hn) - Zn) fn 

+ [-hlA,K]{P^{h„) + i)-^{i + Zn)ffn =: ri + ra + rs. 

Standard pseudodifferential calculus together with Proposition 14.21 provide ri = o(/i^), r2 = 
o{h'fX 3nd ra = o{hn) in L^(M'^). Thus, setting Qn := K,fn, 

in L2(]R'^). By Proposition lO and (143I) . ||5(„|| c, with c > 0, and S>(2;„)5'„ = o(/i„) in 
L^(]R'^), by Lemma 14.11 Setting A„ := 3?(-2„), we obtain ||(P(/i„) — A„)(7„|| = o(/i„). Using 
(12.51) and the previous arguments, fi is the unique semiclassical measure of □ 

We now collect properties of the Qn and their semiclassical measure /x, defined in Lemma 1431 
Lemma 4.4. Let a G C'^{T*W^) such that a = near the set S of all singularities. 
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1. Then a}) = ("^ is invariant under the flow"). 

2. If a = nearp~^{X) or near {{x,^) G T*R'^; \x\ < R'^} then ^{a) = 0. 

3. Let T E C°°(M.'^) such that r = near S. Then the sequence (||T2/i„V(y'„||)„ is bounded. 

Proof: 1) Let x ^ C'^iW^; M) such that ax = and x = 1 near the set S of all singularities. 
In particular, {p, a} = {p^,a}. By Lemma [Z3l 

an ■■= {gn, iK^[P{hn),ahj9n) = (gn, iK^[Px{hn),ahj9n) + 0{hn) (4.8) 

[gnA{Px,a})Zgn) + Oihr,). (4.9) 



By (12.51) . the r.h.s. of (14.90 goes to /i({p^,a}), as n ^ oo. As in [J3], we replace P{hn) 
by P{hn) — Xfi in the commutator on the l.h.s. of (14.80 and expand the commutator. Using 
(14.21) . we show that a„ = o(l), as n — > oo, yielding n{{p, a}) = 0. 

2) The second assertion was established in the proof of Lemma |431 

3) Let r G C°°(M'^) with support in M. Since supp ^„ C {|x| < R[}, 



yg^, hlA^g^) < |(rV, (PiK) - X)gn)\ + 0{n') 
where OinP) means 0(1) as n ^ oo. Thus 

[iKV^gn , T-'^iK^xgn) < 2/i„ {iyxr)gn , rihnV:,gn) + 0(n°) 
WrihnVxgnW'^ < 0{hn) ■ \\rihnVxgn\\ + 0(n°) , 

yielding the boundedness of (||Ti/i„V(?„||)n- □ 
We introduce 

5±(A) := {x* G J9-^(A); < ±t ^ 7r^0(t;x*) is bounded} (4.10) 

and B{\) := i?+(A) ni?_(A). By (13.31) . the non-trapping condition (11.101) exactly means that 
B^{\) and -B-(A) are empty. 

Proposition 4.5. Let d > 3 if N = else let d = 3. The measure ji is nonzero. 

If N = 0, fi vanishes near the (repulsive) singularities, is invariant under the complete flow 

t 0*, and supp /x C B{X). 

If N > 0, then, outside the attractive singularities, jj, is supported in B{\) that is 

supp finT*iW^\S) C 5(A). (4.11) 

Proof: For the case of purely repulsive singularities (i.e. = 0) the proof is given in 
Subsection 14.21 The other case appears in Subsection 14.31 □ 

Remark 4.6. If lil.ll\) is really false, one expects that the fn are "close to some resonant 
state". Proposition 14.51 and Proposition \4.9[ below roughly say that this resonant state should 
be microlocalized on trajectories in B(\). However, it does not give any information above 
the attractive singularities. If the potential V is smooth (i.e. N = N' = 0), the arguments 
used in fj^ actually prove Proposition 14.51 in this case. 
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Lemma 4.7. Let d > 3 if N = else let d = 3. If p is non-trapping at energy A (cf. ( Ii.i0|) ) 
then n = 0. 

Proof: Let = 0. By Proposition 14.51 supp fi C B(\), which is empty by the non-trapping 
condition. Thus /i = 0. The other case is treated in Subsection 14.31 □ 

Now Proposition 14.51 and Lemma |47] produce the desired contradiction. 

4.2 Repulsive singularities. 

We show Proposition 14.51 for the case N = 0, d > 3, hy first showing a decay estimate for the 
Fourier transform of the gn's. 

Since we only have repulsive singularities, there exists some positive c such that 

N' 

{gn, {-hl/\^)gn) + Y.{9n, ( 1/ 1 ■ -s,- 1 ) < c , {P{K) - \)gn) + 0(n°) . (4.12) 

By Lemma 14. 3[ \\{P{hn) — A)(7„|| and the r.h.s of (14.121) is bounded. Now, we show that 
/i 7^ 0. Let X e C^(M'^; M) such that < x < 1 and x = 1 near 0. Let us denote by J^g the 
Fourier transform of (7. Setting Xr{C) = x{i/R)< for i? > and ^ G W^', we observe that 

(l-XflKM,, \ ^ 0(nO) 2 

\ ^" ' ^/r~p ' ' / ~R2~ \9n , (-/i„A)^„) . 

The bracket on the r.h.s is bounded uniformly w.r.t. R. Thus 

limlimsup(:^5(„, (1 - Xi?)(/in-)-^5'n) = 0. (4.13) 

R n 

Recall that, for all n, supp(yf„ C < R[} (cf. Lemma l43l) . By Proposition 12.11 this implies 
that WgnW^ I^W' yielding /i 7^ 0. Now let r G C^(M; M+) be supported on a neighborhood 
of the singularities such that r = 1 near them. Since — A is large and positive near the 
singularities, we can choose the support of r such that, 

WrgnW < {rgn, {V-X)rg^^). (4.14) 

Thus {rg^, {-hlK)rgn) + ||r(7nf < 2 (r(7„ , {P - \)rg.^) = o(l) , (4.15) 

using Lemma l4~4l In particular, ||r(7„|p — > /u(r^) (cf. Proposition I2.ip and \\rgn\\ 0. Thus 
/i is supported away from the (repulsive) singularities. By Lemma 14. 4[ we conclude that /i 
is invariant under the flow If the trajectory t 7r^0*(x,^) goes to infinity when 

±t +00, then the invariance of /i under the flow implies that fi vanishes on this trajectory. 
This shows that supp fi C B(\) and finishes the proof of Proposition 14.51 in the case = 
and d> 3. 
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4.3 The general case in dimension 3. 

In this subsection, we assume that > and (i = 3 and we give successively the proofs 
of Proposition 14.51 and Lemma 14.71 (at the end of the subsection). In view of (14.131) and 
of Proposition 12.11 we want to show that ((?„, (—hf^Ax)gn) is bounded to get ^ ^ 0. We 
also need a kind of invariance of yU under the pseudo-flow 0* (cf. (I2.18p ). To realize this 
programme, we want to use the KS-transform (I2.23p to lift the property (14. 2 p in M^, locally 
near each attractive singularity. 

Let {Tj)o<j<N e (Co°°(M'=';M+))^+i be such that 

• E^Lo^i = 1 near {x e R'^; \x\ < R[}, 

• for 1 < j < N, Tj = 1 near sj and is supported away from the other singularities, 

• To = 1 near the set of repulsive singularities and is supported away from the other singularities. 

There exists c > such that 

N' 

J2 {T09n , (l/k - Sj\) ToQn) < C {ToQn , {V - \)Togn) ■ (4.16) 
j=N+l 

N' 

Thus (^Togn , {-hlA^) Tog^) + ^ (Tofi-n , (l/|a; - |) ro5f„) 

j=N+l 

< (1 + c) {Togn , (P - \)rogn) + 0(n°) = 0(n°) . (4.17) 

Here we used the fact that {rogn, (P — \)Togn) 0, by Lemma 14.31 and Lemma 14.41 Let 
1 < j < For the same reason, {Tjgn, (P — \)Tjgn) 0. Thus, since (V — fj/\ ■ — Sj|)r,- 
is bounded. 



rjgn, i-hlA^)Tjg„^ + ir^gn, (/i/| • -Sj |) r,-^„) = 0(n°) . (4.18) 

We introduce the KS-transformation (cf. (12.231) ) which is adapted to the singularity at Sj: 

X = }Cj{zj) := Sj + IC{zj) (cf. (I2.19P ) and, for x ^ sj, 

(x,0 = /C*(^;C) := (s,,0) + /C*(^;C). (4.19) 

For all n, let gnj ■= gn°ICj. Let Xj ^ C^(]R^) such that Xj'^j = Xj< Xj = 1 "^ar sj, and 

XjTk = 0, for k 7^ j. Denote by Xj the function Xj°^j- ^^r X' G M, we introduce the 
differential operator in R^. 



P,ih; A') := -h^A,^ + ((r,V)o/C, - A') | ■ ^ , (4.20) 
which can be seen as the Weyl /^-quantization of the symbol 

T*r 3 {z„Q ^ Pj,x'{z„Q ■■= ICf + ((r,V)(/C(2,)) - A') ■ \z^\' . (4.21) 
Notice that pj A' G ^2;2- We can write, for zj E suppxj, 

\^A'{ir,v){}c,iz,))-x') = f,{s,) + {m,{^j))-fA!^M))+\^A\w,{}c,{z,))-x') 

=■■ fAs,) + W,,yiz,) . (4.22) 
So Wj^x' is a quadratic perturbation of the constant fj{sj), vanishing at Sj, and 

P,{h; A') = -h^A,^ + f,{s,) + W,,x'. (4.23) 
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Lemma 4.8. Let 1 < j < N . The sequence {gn,j)n = {gn°l^j)n is bounded in L'^(M^). Up 
to subsequence, we may assume that it has a unique semiclassical measure jlj. Besides, 

WneN, supp ~gn,j C {zj- \z,\ < {Rq + R',)'/^} , (4.24) 
and XjPjihn,Xn)9n,j = oih^) in L\R^) . (4.25) 



Let := (j)j{s; ■) be the Hamiltonian flow associated to {t,\',zX) ^ Pj,y{zX) t)y (12.241) . 

Let b e Co°°(T*M^) and := {s > 0; Vt G [0; s] , (b o 0*.)(1 - Xj) = 0}. Then, for s E Tf,, 



(4.26) 

2 of the Hopf map (see (IZT^ ) and 



Proof: • Eq. (14.241) follows from the scaling \IC{z)\ = 
the estimate (14.20 for the support of gn . 

• Since {-hlA^ + V - A„)^„ = o(/i„) and gn = 0{n°) in V{R^), we use ( IZlQi) . (jZHl) 
and the arguments of Proposition 2.1 in |GK] to get 



XjPj{hn;Xn)gn,j = o(/i„) and | ■ \gn,j = 0{n 



in 



(4.27) 



This yields (HSSl). 

• Now, we show that Xjgnj = 0{n'^) in L^(]R'^). Together with (14.271) . this then will imply 

the desired boundedness of {gn,j)n in L^(R'^). 

Thanks to (IZl^ . (ICTl) . and to Part 3 of Lemma HH 

II Isupp Vxj ^fi^^j II (^11 Isupp Vxj ^"^a;fi'ri 

II ]lsupp Vxj^njll 



0(n°) , 



o[\\i 



supp 



0(n°) . 



(4.28) 
(4.29) 



Let An,j ■■= {zj ■ hnVzj + hnVzj ■ Zj)/{2i) and 



Expanding the commutator and using (14.270 . we see, on one hand, that 

\an,j\ < 0(1) • (^/l„||]lsuppVx,^njll + llXj^hn^ z^gnjH + 0(n°; 
< 0(1) ■ llXj^^nV^^^njII + 0(1) , 

thanks to (14.290 . On the other hand, writing 2iAnj = 2zj ■ zj + 4/i„, 

K^z,,xf\9n,j) + '^{zj ■ hnVz,Xj9n,j , k'^ l-klA^^ , Xj 



(4.30) 



^nj — \9n,j , 



9n,j 



+ \Xj9n,] ; '"n 

By ( 14:281 ) and ( ICTI) . 

.Xj9n,j 1 Pj(^hn, Xn) 1 'i'An^ 



Xj9n,j 



Xj9n,j 



< 0(n°) ■ ||Xj^/inV,^^„j|| + 0(n°) . 



As a differential operator, /i;i[P,(/i„; A„), = 2(-/i2 - z^- ■ V.^iy^- a„(2;j) (cf. (E23D) 
and, by (14. 24^ . there exists some Cj > such that, for all n and for all zj G supp gnj, 



\Zj ■ y z,Wj^x„{Zj)\ < Ci\z. 



-J I I 



' By(l427l), 

J - (Xi^n,j , -2hlAz^ Xj9n,j) < 0(71°) ■ WXjihn"^ z,9n,j\\ + 0(n°) . 
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This, together with (I4.30p . implies that 
Writing 

{Xj9n,j, -hlA,^ Xj9n,j) = WXjihn^ z,9n,jf + KWi^ z,Xj)9n,jf 

+ 2/i„Re((V^.Xi)^n,i , XjiK"^ z,9n,j) 
and using again (I4.28p and (I4.29p . we arrive at 



(4.31) 



WXjihn'^z.gnjf < 0(71°) ■ \\XjihnV;,^gn,j\\ + 0{ 



n 



This yields 



0(72°) 



(4.32) 



\\XjihnVz^gn,j\\ = 0(72°) and (^Xj9n,j , -hlA^^ Xj9n, 

Now 

Xj9n,j ; Pjihn] ^n)Xj9n,j) = \Xj9n,j ; XjPj{hn;\n)gn,j) + {xj9 

and is bounded by SATm . (E2H]), and (ICTl) . Thus 

Xj9n,j, -hlA,^ Xj9n,j) + f{Sj)\\Xjgn,jf + {Xj9n,j , Wj,x„Xj9n,j) = 0(71°) . (4.33) 



-hlA,^,Xj 



9n,j 



In (I4.33p . the first and third terms are 0{n^), by (I4.32p and by (I4.27p respectively. Since 

fj{sj) 7^ 0, we conclude that {Xj9n,j)n is bounded in L^(]R'^). 

• We now show the invariance (I4.26p . It suffices to show that, for all A G M and all h G 
C^{T*m}) such that 6(1 - Xj) = 0, ilj{{pj,xM) = 0- Take such a 6 and A G M. Since h^^ 
is uniformly bounded. 



9n,j,iK^ XjPj{hn] \n),b 



9n., 



o[n 



by expanding the commutator, using (I4.25p . and using the boundedness in L^(]R'') of {gn,j] 
Now we compute the leading term of the commutator and arrive at 



oyn 



0^ 



9n,jAXjPj,\^MhJn,j) + 0{K) = {gn,j,{XjPj,X,b}hJn,j) + o(n°) 
9n,jj 



since Xj = 1 on the support of b. Thus fJ'j{{Pj,\,b}) = 0. □ 

Proof of Proposition 14. 5t Let 1 < j < A^. The boundedness of the sequence {Xj9n.j)n in 
L^(M'^) precisely means that {{Xj9n , (1/1 ■ '~Sj\)Xj9n))n is bounded (cf. (I2.2ip ) and so is also 
{{Tjgn, (1/1 ■ -Sj\)Tjgn))n- By (|4.18p, this implies t hat {{ Tjgn, -hlA^Tjgn))n is bounded. 
By the IMS localization formula (cf. Chapter 3.1 of [ CFKS| ). 



TV 



TV 



.-hlA^g^) = Y.{rjg„,-hlA,T,g^) - /^^ E ll(Vxr,)(7nf = 0(72°), (4.34) 

j=0 j=0 
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thanks to (14171) . As in Subsection O we can derive (14.131) and prove that ji ^ Q. 
Consider a trajectory x^))t0coii(x*)) such that 7r^0(t;xQ) goes to infinity as t ^ ±oo. If it 
does hit a singularity then 7r^0(t;xQ) must come from infinity, hit the singularity and then go 
back to infinity (coII(xq) contains one point). Since fi vanishes on some {x* G T*]R'^; \x\ > C}, 
jjL vanishes near the tail(s) of Xq))(0co11(x(*)) which is (are) inside this set. By invariance 
(cf. Lemma l4~4l) . /i vanishes near each (f)(t;xQ), for t ^ coII(xq). This proves ( 14. IIP . □ 

Proof of Lemma ST} Let 1 < j < and f e C^(]R^) with r(l-Xj) = and f = near 
0. Then \ f\'^jlj is the semiclassical measure of (f^„j)„ (see [GL]). We may assume that 



z. 



f o J^.+ is well defined. By (IZ2I]), ||r(7„| ■ l^'Y = ¥9nA? ■ By (OS]), n := r| ■ is 



smooth. Thus {riQn, {P — \)Tign) 0, by Lemma l431 and Lemma l4~4l This yields the bound 
( I4.34P and Eq. ( I4.13p with gn replaced by Tign- By Proposition 12.11 ||ri(7„|p |ripyu(]l). 
But the latter is zero since, by Proposition 14.51 and the non-trapping assumption, ji may only 
have mass above the attractive singularities. Thus lim||f^„j|| = 0. This implies that XjP'j 
may only have mass above Zj = 0. 

Now T E C^(R^) supported near sj and inside the set xj^(l). Let f = r o /Cj. Thanks to 
( I2.19p . we can choose the support of r small enough such that, for some s' > 0, suppf o 
■) C xj\l) and f o0(s'; ■) = near {0} xM'* c T*R\ By (IZ2II), \\rgn\\' = ||f^„,,M f ■ 
By (I4.32p . Eq. (I4.13p holds true with g.^, replaced by (jnj. This implies, by Proposition 12.11 
that Wfg^J ■ I IP ^ ■ By (E2SD, ■ \'f') = ■ \'f')o^is'; ■)) = 0. Therefore 

lim llr^fnp = 0, yielding /i = near Sj. Thus = 0. □ 

Actually, if trapping occurs, we have the following stronger result on the measure fx. 

Proposition 4.9. Let N > and d = 3. Ifx* E supp fi n T*(R^ \ S) and t ^ coll(x*) then 
(pit; X*) E supp ji. 

Proof: Let 1 < j < A^. Let Xg := (xo,^o) G p"^(A) such that Xj = 1 nea"" ^o- By the 
properties of the KS-transform (143^ (cf. (!Z^ ). there exists = (zoXo) e T*R^ such 
that X* = /C*(z*). Let = (0,p(x*)) = (0, A). We consider the trajectory {7r^0*(x*), t E M} 
and assume that it hits the singularity sj at time to- Let t' > to such that Xj(7ra;0(t'; Xg)) = 1. 
There exists some s' G M such that t' = tg, Zq) (cf. ( I2.25P ). Here tj(s;t*,z*) is the first 
component of the flow 0j (s;t*,z*) given by (ESS) with p replaced by MTTDi . Let tq E C^{R^) 
such that Xj = 1 neai' suppro, tq = 1 near xq, and tq = near sj. The semiclassical measure 
/ii of the sequence {TQgn)n, viewed as a bounded sequence in L^(]R'^ x S^), is ji ® 1 ® 5q 
on T*M3 X T*S^. Let ^ G C^(M) such that ^ = 1 near and Kq CC be a vicinity 
of ^0- Let a E C'^{T*R^) such that tq = 1 near vr^jsuppa and vr^suppa C Kq. For 
(x*;^) := (x;^;^;(t) G T^M^ x T*5\ set ai(x*;r) = ^(or)a(x*). Let t/^i + = 1 be a 
smooth partition of unity on . Notice that 

2 

/i(a) = ro/i(a) = ro/ii(ai) = XI ^0/^1(^1^'=) • (4-35) 

k=l 

For each A; G {1;2}, we may apply Proposition 12.21 with n„ = r^gnipk G L^(M^ x S^) 
and $ = (/Cj,^j,+), since (/Cj,^j,+) \s a local diffeomorphism near suppro x supp^A: by 
(|2.20p. Thus ((roV^fc) o (/C^-, ^j,+))/ij(6fc) = ro/ii(ai?/;fe), where 6a: = (oi^a:) o (/Cj,^j-+)c, 
since ((rg'i/'fc) o (/C^, is the semiclassical measure of {(rognipk) ° (ICj, Aj^+))n- Now 
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we can choose Kq and supp tq small enough such that, for all k G {1;2}, o = near 
{0} X R4 and (1 - Xj% ° <j)] = 0, for < t < s' . Thus (E2S]) holds true with s = s' 
and h = b^. Let G C^(R^) such that xj = 1 near suppf^, = 1 near vr^supp 6^ o 0^', 
and fk = near 2;^ = 0. We may assume that + is a local diffeomorphism with local 
inverse {ICj,Aj^+) near vr^suppfefc o 0^' (cf. (12.201 )). Thus we can apply Proposition 12.21 

with Un = TkQnj G L^(]R'^) and $ = j7,-,+ . This yields Tkfijihk ° (l>j) = TkfJ'iiO's',k), where 
"Tk = T'k° Jj,+ and «s',fc = i>k° 4>j ° {J'j,+)c- Now we see that, if /i is zero near Xq), then 
we can choose Kq and supp tq small enough such that TkiJii{asi ,k) = 0, for k G {1;2}. By 
(I4.35p . this implies that /i(a) = 0, for a with small enough support near Xq. Since we can 
reverse the time direction, we get the desired result. □ 



4.4 A simpler proof for weighted estimates. 



In Subsections 14.11 \A~7[ and 14.31 we proved that the non-trapping condition implies the Besov 
estimate (II. IIP . By (11.71) . the latter implies the existence of some C > such that, for all 

s > 1/2, 

sup \\Riz;h)\\^..2_ < C-h-\ (4.36) 



a weighted estimate. This derivation of (14.360 from the non-trapping condition uses 
Proposition 14.21 the proof of which is based on arguments borrowed from [CJJ. The latter are 
rather involved since, in |CJ] . the potential is assumed to be only. In particular, a special 
pseudodifferential calculus, adapted to this low regularity, is used there. Since our potential 
here is C°° outside the singularities, we want to give a simpler proof of the following, slightly 
weaker result. 

Proposition 4.10. Under the assumptions of Theorem \l.l\ we assume that p is non-trapping 
at each energy A G /q. Then, for any compact interval / C /q and any s > 1/2, there exists 
Cs > such that ( TO^) holds true with C = Cs- 

Proof: Let d>3. We can follow the arguments in Subsections 14.11 14.21 and 14.31 if Proposi- 
tion 14.21 is replaced by 



3R'q>Ro; lim l{\.\>B',}fn 



. 



(4.37) 



Indeed, for functions localized in {x G M"'; < i?o}, the norms || ■ ||b and || ■ ||l2 are equivalent 
and so are the norms || ■ \b* and || ■ ||l2 . So we are left with the proof of (14.371 ). We follow 
the proof of Proposition 14.21 and arrive at (14.41) . Now, by p^, we can find c > 0, a function 
X\ £ C^^W^), and a symbol a G So;0 satisfying the following properties. The function Xi = 1 
on a large enough neighbourhood of and of the support of x and 



a„, > c 



;i-Xl)^(Px(M)/n +0(1). 



Following again the proof of Proposition 14. 2[ we get (14.370 



□ 
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5 On the validity of the non-trapping condition. 

The aim of this last section is to provide examples both of validity and of invalidity of the non- 
trapping condition (11.101) . As we shall see in Corollary 15.21 below, the non-trapping property 
is seldom fulfilled if there is some singularity (A^' > 0), even at positive energies. This is in 
strong contrast to the smooth case, for which p is always non-trapping at large enough positive 
energies. 

To study the non-trapping condition (ll.lOp when an attractive singularity is present (and 



d = 3), we need to review the regularization of the Hamilton flow of p, described in Section [2 
in a more sophisticated way. Recall that M = M!^ \ S. Let c^o be the natural symplectic 
two-form on T*]R^ given by Y.%idxi A d^i and also its restriction to P. It is well known 
(see |Kn2] . Thm. 5.1) that there exists an extension {M,uj,m) of the Hamiltonian system 
{P,uJo,p), where as a set the six-dimensional smooth manifold M equals 

N 

M := P U |J(M X 5^) . 

i=l 

Here the ith copy R x S*^ parameterizes energy and direction of the particle colliding with 
the attractive singularity Sj. Using the symplectic form uj on M, the Hamiltonian function 
m G C°°{M) generates a smooth complete flow 

$ : R X M — ^ M , (t; X*) ^ <l>(t; x*) =: $*(x*) . (5.1) 

A collision time for x* G M is a time to such that $(to;x*) ^ P. If t is not a collision time 
for X* G P then <l>(t;x*) = 4>{t;x*), defined just before (IZTTjl . 

Proposition 5.1. Consider for d = 2 or 3 a regular value \>OofV. If the set 

Hx := {x G R'^; V{x) > X or x e S} 

is not homeomorphic to a d-dimensional ball or a point, then p is trapping at energy A, i.e. 
( fO^) is false. 

Proof: We write Hx as the disjoint union 7i!aU{si, . . . ,sn} with 

Hx := {x G R"^; V{x) > X or x e {sn+u • • • , sn'}} ■ 

Then Hx is a d-dimensional manifold with boundary, since by assumption A is a regular value 
of V. It is compact since by assumption lim|^|^oo ^(a;) = but A > 0. Notice that Hx is a 
neighbourhood of the repulsive singularities s^+i, . . . , sj^/, but there exist neighbourhoods of 
the attractive singularities Si, . . . ,sn that are disjoint from Hx- 'n the presence of repulsive 
singularities Hx is nonempty. In any case, Hx is a nonempty compact set. We denote by 
lnt{Hx) the interior of Now we assume that Hx is not homeomorphic to a rf-dimensional 
ball nor to a point, and we construct a periodic orbit, thus proving trapping. We discern two 
cases. 

First case : Hx has two or more connected components. 
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Here the idea is to construct a periodic orbit (using curve shortening), whose projection on 
configuration space is a curve connecting two components of T^a- Let (^EucUd denotes the 
euclidean metric on W^. We now use the Jacobi metric g\, defined on R"' \ TYa by 

^A(g) := (A - l^(g))fi'Euciid- (5.2) 

It is known (see e.g. [KK] and [BN]) that for regular curves c : [0, 1] ^ R"' \ \ni{Hx) with 
c(l) = Si{i< N) the length 



'C(c) := lim^ y^A(c(s))(c(s),c(s))ds 



is finite. By compactness of Tlx the number £ of connected components of Tix is finite. 
Denoting them by Hx-i, • • • , Hx-t, for 1 < z < j < £ 

Dx{i,3):= inf /:(c) > 0, 

that is, the different components have positive geodesic distances. 

Taking R large enough, we can ensure that these mutual distances are smaller than the 

corresponding geodesic distance of the Tix-.i to the region {x E W^; \x\ > R}. 

The (standard) approach is to consider the negative gradient flow of the energy functional 

S{c) := 1^ gx{c{s))[cis),cis)) ds, with c(0) G Hxyio and c(l) G Hx-i, 

in order to approximate geodesic segments, which are then critical points of £^ with respect to 
these boundary conditions. 

Due to the degeneracy of the Jacobi metric (15.21) at diW^XHx) still no Palais-Smale condition 
is satisfied for £, that is, a vanishing gradient of £^ at c does not ensure that c is a geodesic 
(see Klingenberg [Kl], Chapter 2.4 for a discussion of the Palais-Smale condition). 
However, as A is assumed to be a regular value of V, the regularization technique devised by 
Seifert in [S] and later by Gluck and Ziller in [GZ] can be applied to yield a geodesic segment 
of length equal to Dx{io,h) = T^iT^i<j Dx{i, j) > 0, with c(0) G Hx-io and c(l) G Hx-i^- 
We denote the restriction of the flow $* to m^^(A) by Away from the end points, and up 
to time parameterization, the geodesic segment in the Jacobi metric corresponds to a segment 
of a <l>^-solution curve. See [AM], Thm. 3.7.7 for a proof. 

This segment is part of a periodic orbit, whose period is twice the time needed to parametrize 
the segment: 

• If V{c{ik)) = A, then (by our regularity assumption for the value A) W{c{ik)) ^ 0. 
Furthermore the geodesic segment at this point has a normalized tangent 

lim ||c(s) - c(4)||"^(c(s) - c(ifc)) 

which is parallel to W{c{ik)) (see [GZ], Sect. 6). Thus the solution curve can be 
continued by time reversal (cf. (I2.16p ) 

c{ik + s) := c{ik - s) (s > 0). (5.3) 
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• Similarly, if instead c{ik) G {si, . . . , s^v}, that is, c{t) converges to an attracting sin- 
gularity, then, time reversal (15.31) again continues the geodesic segment c and thus the 
$^-solution curve as well. 

In both cases we thus constructed a periodic $A-orbit. 

Second case : 1-L\ has only one component, which however is not homeomorphic to a d- 
dimensional ball nor a point. Thus it is a connected compact ci-dimensional submanifold of 
with boundary not homeomorphic to S"'^^. 

• If R'^\Int(?-^A) contains a compact connected component, then this arises as the projec- 
tion on configuration space of a connected component of the regularized energy surface 
m~^(A). This flow-invariant component is compact too, and thus consists of trapped 
orbits. 

• If, however M"' \ \\it{l-Lx) does not contain a compact component, it necessarily is con- 
nected since d>2 and Tlx is compact. In this situation, the boundary d7i\ consists of 
one component, which is not homeomorphic to S'^^^. In this situation Corollary 3.3 of 
[Knl ] ensures the existence of a periodic so-called brake orbit, that is a trapped orbit 
in the terminology of our paper (although [Knl] treats smooth potentials, in the case 
at hand all singularities of our potential are repelling. Thus the dynamics at energy A is 
unaffected by the singularities.). □ 

A converse of Proposition 15.11 does not hold true in general. That is, there are potentials like 
Yukawa's potential V{x) = — e~l'^l/|a;| for which Hx consists only of one point but still there 
are trapped orbits for small A > 0, see |KK] . Yet Proposition 15.11 gives us the 

Corollary 5.2. Consider for d = 2 or 3 a regular value X > of V. 
If N > 1 or if N = 1 and N' > N, then p is trapping at energy A. 
If N' > 2 then p is trapping at energy A, for \ large enough. 

Proof: In all cases, Hx has several connected components. Thus Proposition 15.11 gives the 
result. □ 

However one can find non-trapping situations as in Examples 15.31 and 15.41 below. 

Example 5.3. Let N' e N*. Let V be defined on \ 5 by V{x) = J^f^^ fj/\x - Sj\ with 
fj > 0, for any 1 < j < A^'. It satisfies with N = 0. For < X < (Ef=i \sj\/fj)'\ P 
is non-trapping at energy A. 

Proof: Recall that ao(x,0 = x ■ ^. For {x,^) e p"^(A), 

TV' _ ^' _ 



j=i F j=i 1-^ -^j 



> A-E^ = A(l-AE^) >0. 

j=l Jj j=l J 3 

Here we used that < fj/\x — Sj\ < A, for (x, ^) G p^^{X). Now standard arguments yields 
the result (see the proof of Lemma ITTl for instance). □ 
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Example 5.4. Let X,c, p > Q and W e C°°{W^; M) such that 

Va G 3C« > ; Va; e R^ \d'^W{x)\ < C«(a;)-''^l"l . 

Let V G C°°(M'' \ {0};M) defined by V{x) = -c/\x\ + W{x). Depending on c and A, one 
can find small enough (Cq,)|q,|<i s such that p is non-trapping at energy A. 

Proof: The function p defined just before (12.240 takes the following form: p(t*;z*) = 
p{t, r; z, C) = - c + \z\^{W o IC{z) - r). Let bo : T*R x T*M"' — ^ M be defined by 
6o(t*;z*) = C ■ ^- Then 

{p, 6o}(t*;z*) = 2p{t*;z*) + 2c + \z\'^( At -4W olC{z) - z-V,{W olC){z)) . (5.4) 



Thanks to (12.190 . we can choose the {Ca)\a\<i'^ small enough such that, for r = A > 0, the 
last term in (15.40 is everywhere non-negative. Thus, on p~^(\ — c/2;c/2[), {p , b^} > c. This 
implies that, for any solution s i— > A; z{s), C(s)) of (12.241) leaving in p~^{0), the function 
s I— s> |-2(s)p is strictly convex. It must go to infinity in both time s directions. By (12.250 . this 
implies that any broken trajectory x*))igK\coii(x*) with p(x*) = A goes to infinity in both 
time t directions. □ 

Remark 5.5. By inspection of ( 15. 4j) we see that, for a potential of the form V{x) = + 
W{x) with /(O) < and meeting ( IJ. Jj) . no trapping occurs for high enough energies. 



6 Scattering by a molecular potential. 

We now show that our analysis can be applied to Example ll.SI 

The potential x J2jGoZj\x — Sj\'^ of Pi(/io) is smooth on M = M^\{si, . . . , sa?/} and 
satisfies (11.11) . By local elliptic regularity (see [R52] . Thm. IX. 26), the electronic eigenfunc- 
tions ipk G L^(M"^) of Pi{ho) are smooth on M. Furthermore, they are continuous on 
(see [CFKS] , Thm. 2.4) and the corresponding eigenvalues are negative by [FHJ (see also 
|CFK5] . Thm. 4.19). Using (Ag) outside the ball B := {x e M^; |a;| < Rq} (cf. (O)), one 
can show that the ijjk's decay exponentially. This means, for any k, that there exists Ck, Ck > 
such that 

x^B ^ |^fc(x)| < C,e-'='=l"l. (6.1) 

By (11.10 . the result in [Ag] can be applied to the derivatives of the tpk outside B. Thus 
(16.11) holds true for these derivatives with possibly different constants Ck,Ck- For any j G 

{1, . . . , N'}, it turns out that ^pkj -.W^ 3 zh^ ^pki-Sj + JC{z)), with IC{z) defined in (HJM . is 



smooth near z = 0. Indeed, we can show as in [GK] (see also the proof of (14.251 ) in Lemma l4~8i) 
that the equation Pi{ho)ipk = Eki'k can be lifted to a Schrodinger equation in with smooth 
potential solved by the function ^^j- Again, the elliptic regularity gives the desired result. 
Therefore the charge densities := l^/'^P afe smooth on M and continuous on W^. The pk 
and their derivatives satisfy (16.10 . For any j G {1, . . . , A^'}, pkj : 3 z Pk{sj + ^(-2)) is 
smooth near z = 0. This allows us to obtain the following properties for the Wk- 
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Proposition 6.1. Let A; G {1, . . . , K}. The potential Wk is smooth on M, continuous on M.^, 
and satisfies ( flJ]) . For any j e {1, • • • , A^'}, the function Wkj : R'^ 3 z ^ Wk{sj + IC{z)), 
with K,{z) defined in ( 12. J^j) . is smooth near z = 

Proof: Since | • G + L°°(M3), pk E L^(M.^), and pk is continuous, Wk is well 

defined and continuous on M^. Let j E {1, . . . , N'}, y E M, and consider a partition of unity 

in of the form Y^jLo Xj = 1 with Xj ^ and Xj = 1 n^si' Sj< foi' j ^ 1. Xo = 1 neai' 
y. Denoting by * the convolution product, we can write near y, for any k and any multiindex 

a E N^, 

N' 

d:wu = d:{p, * I ■ r^) = E(pfcx,) * d:\ ■ + (^^(pfexo)) * i ■ \-' (6.2) 

(as distributions). This defines a continuous function near y. Using the exponential decay of 
the functions pk, we can show that Wk satisfies (11.11 ). 

Let j G {1, . . . , A^'}. We want to show that the function 9 2; t-^ (Pfe* I • r^)(sj + /C(z)) is a 
constant times the function 9 ^ t-^ {pkj*\-\'^){z) . Notice that, for an / G C(M^)nL^(R^), 
/ * I • is a well defined continuous function since | • G L^(]R'^) + L°°(M^). Now, it is 
convenient to view M"^ as the quaternion space H and to use the representation of K, on this 
space (see the appendix). In particular, one can use formula (3) from [GK], saying that for 
X := JC(Y), Y E M, lY]"^ dY = c-dxdO for some constant c > {d9 is uniquely defined by 
(I2.20p . compare also with the group action (IA.4p ). Then, using Lemma below, we get 

P^.*\-r)iZ) = [ ^^%^^\Y\^dY = c i J'^VL dxde 



' ' 7m3x51 \Y{x,e)-Z\ 



\x — 1C{Z)\ Jm:'^ \sj + X — Sj — 1C{Z)\ 

= c\pk*\-\-^){s,+K,{Z)), 

for Z G H, and c' > 0. Now, since pkj is smooth near and | ■ is smooth away from 0, we 
can use a formula similar to (16. 2 ft to show that pkj * | ■ is smooth near 0. □ 

Lemma 6.2. ForX, Z eM with IC{Z) ^ /C(X) 

1-2TT 

/ \exp(h9)Z -X\-^d9 = 27r- |/C(Z) - /C(X)|-^ 
Jo 

Proof: Assuming the condition, both sides are well-defined. Then, using the definition of the 
real part of a quaternion (see appendix) 

/ \exp(Ii9)Z - X\-^de 
Jo 



2n 



\ZY + \XY - 2Re((cos(^) + h sin(^))ZX*) dO 



-1 



\Z\^ + |Xp - 2(Re(ZX*) cos(0) + Re{hZX*) sin(^))) dO 

2-K / I \ -1 

|Xp-2y'(Re(ZX*))2 + (Re(JiZX*))2cos(^/')j # 

27r ■ ((|Z|2 + ixn^ - 4(Re(ZX*))2 - A{Re{hZX*)f~^'^'^ 
2'K-\Z*IiZ -X*IiX\~^ = 27r- |/C(Z) -/C(X)|-\ 
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the last two equations being due to (lA.Sp and (lA.Sp . □ 



Now we are able to explain why the proof of our results can be adapted to treat the potential V 
defined in (ll.lSp . In the proof of the necessity of the non-trapping condition in Sectional the 



results away from the singularities work since V satisfies (II. ip . Since the Wkj are smooth near 
0, the results in |GK] (see Lemmata 13. 31 and IT4l) are still valid. Since each Wk is bounded, it is 
small compared to a repulsive potential +| •— near the corresponding repulsive singularity 
Sj. So Section ing is also valid. In the proof of the converse in Section |4l the results away from 
the singularities hold true since (II. ip is still valid. The fact that the Wk is small compared to 
the size of a singular potential ±| ■ —Sj\^^ near the corresponding singularity Sj explains why 
Section 14.21 works and also the validity of (I4.18p . The fact that the Wkj are smooth near 0, 
ensures that Lemma |4~H] still works. 



A The Hopf map. 

We use the following notation for the quaternion algebra over M: 

ii:={(:^;r^?)i^i'^2ec}^M^ 

with matrix multiplication, and basis 

The direct sum decomposition EI = M ■ 1 © ImH with 

ImH := {Z eM\ = X-1 with A < 0} = Span^ih, h, h) 

into real and imaginary space is orthogonal w.r.t. the inner product 

HxH^M , := itr(Xr*), 

1 

X X* := X* being the conjugation. The norm |X| := (X, X)2 is multiplicative: 

|XF| = |x||r| {x,Yem). 

The real part of a quaternion equals Re(X) := |tr(X). 

See, e.g., |EHKKMNPREJ for more information on H. The Hopf map equals 

^:H^Ime , ^Z):=Z*AZ = J^^^!,-^^^^ ] (A.3) 

Y —2WiW2 W2W2 — WiWi J 

which is a surjection M'^ — > M'^ whose preimages are the orbits of the isometric group action 

ao: ^ Aut(H), ao{e){Z) := exp{eh)Z. (A.4) 

This action is free on EI\ {0}. We call /C the Hopf map, since its restriction to is the Hopf 
fibration — > with fibre S\ 
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Writing wi := Zq + iz^^, W2 := Z2 + izi we get formula (12.191) in the basis (Ji, I2, 13) of ImH. 
Finally we prove the formula 

\Z*hZ - X*hX\ = ^{\Z\^ + |X|2)2 - 4((Re(ZX*))2 + {Re{IiZX*)y) (A.5) 
used in Section El 

Notice that, for all A,B eU, Re(4A*) = -Re(4A), Re{A*) = Re{A), Re{A*A) = [Ap, 
and 

3 

Re{AB) = Re{A)Re{B) - ^ Re(4A)Re(/fcS) . (A.6) 

k=l 

Setting A := hZX* and B := hXZ* in ( lA^eil . we get 

Re((/iZX*)(/iXZ*)) = -(Re(XZ*))2 - (Re(/iXZ*))2 + (Re(/2XZ*))2 + {Re{hXZ*)f 

Similarly it follows from ( ICT that jAp = Yi=o{^(i{IkA)f , so that for A := ZX* 

\Z\^ |Xp = \A\^ = {Re{ZX*)f + (Re(/iZX*))2 + (ReihXZ*))^ + {ReihX Z*))"^ . 

So 

\Z*hZ - X*hX\^ = {Z*hZ - X*hX){-Z*IiZ + X*IiX) 

= z*h{-\z\^)hz + x*h{-\x\^)hx + {z*hzx*hx) + {z*hzx*hxy 

= |Z|^+ |X|^ + 2Re((/iZX*)(/iXZ*)) 

= \Z\^ + \X\^ + 2{-{Re{XZ*)f - {Re{IiXZ*)f + {ReihXZ*)^ + {Re{hXZ*))^ 
= (|Z|2 + IX^^ - 4 ((Re(ZX*))2 + (Re(/iZX*))2) 

This proves the claim. □ 

Acknowledgements. The authors would like to thank the anonymous referee for numerous 
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